prof. Gheorghita Adrian Stefan

%ﬂfa: “QWW te tnwals, WW[@W n nw',s‘oa/w”

f 6 dx

jﬂtw ne(?/%}n/ite wﬁ@gkde amanuntit



cuprins

1. Integrale rezolvate standard ...................eereeveeeeererireeereriererererane, 3

1.1 EXErCitii 1@ZOIVATE.......eeeeeeeeeeee et 3

2. Integrale rezolvate prin formula integrarii prin parti....................... 8
2.1 EXErCitil FEZOIVATE.........ooeeee e 8
2.2 EXCICITil PrOPUSE..........ooeeeeeeerieeseesereeesesses s 15

3. Integrale rezolvate prin metoda substitutiei................oweeeeeen.. 16
3.1 EXCrCitil FEZOIVATE.......oeeeeeee e 16
3.2 EXCICITIl PrOPUSE..........coeeeeeeeeseerieeserreseiries s 22

4. Integrarea functiilor rationale ..................oecorerveerernrerierererennn. 23
4.1. Integrarea functiilor rationale simple....................cccovvvveevenun.. 23
4.1.1. Exercitii rezolvate...........eeeeeoeeeereeesereeiereeseneen. 23

4.2. Integrarea functiilor rationale pentru care numitorul are radacini
PEAIC MUITIPIE...........ocooeeeeeeeeeeeeeereevevereresevererisereveriseesevss e 29
4.2.1. EXercitii rezolVate.............weeeeerereeseeessreeissnesineans 29

4.3. Integrarea functiilor rationale care au numitorul cu radacini

COMPIEXE SIMPIE..........eooeeeeeeerreeererririsierrisisisvssissssasssssssssassssssans 31
4.3.1. EXercitii rezolVate...........eeeeeeereeverieeiriersisessirissninnnn 31

4.1,2,3 EXCICIHI PPOPUSE.........ooeoeveeeeeririeieierrirrriririsisssisssisinssissassnssans 34

5. Integrarea functiilor trigonoOMEtriCe.............woeoreovenereeerererereann. 35
5.1, EXErCitil FEZOIVATE.........oeeeeeeeesstse e 35

5.2, EXEICITl PrOPUSE. ... 37

6. TADE! AEIIVATC.......ooeeeeeevrereerestr et srs s ss s sssssssasassnas 38

Termen de parcurgere a materialului: 40 zile



1. Integrale rezolvate standard

2

X

1. dx=?
J'x2+1

2
Solutie : f )c—i;#
X

dx=x—arctg (x)+
+1

2. [ (P +x*+1)dx=?

4 3
Solutie : fx3dx+f xzdx+f dx= x—+x—+x+@

4 3
1
3. dx=?
‘[Zx+1
Solutie
. 2
Ob In(2x+1)'=
servam ca In(2x+1) el
f ! a’x=l—fln(2x+1)'dx=l—ln(2x+l)+go
2x+1 2 2
1
4. dx=?
J4x+5
Solutie :

o . : . | . .
Se rezolva in mod similar cu cea de mai sus numai ca, vom pune i fata integralei

deoarece

4'4x+5 =(In(4x+5))

[—a=L [ (n(ax+5)) dr=Lm(ax+5)+p
4x+5 4 4

2x
5. j ———dx=?
V(2x"+3)
Solutie :
De obicei cand intalnim radicalul la numitor derivam si observam ce forma obtinem:
Pentru cazul nostru observam ca:
4 2
(V2x’+3) ==
2V2x*+3  V2x+3
ceea ce reprezinta exact valoarea din integrala

[=E =] (V2X+3) dr =213+

\/2x2+3




6. [ ——dx=2

5x°+2
Solutie :
2
(m)’= 10x2 = 52X rezultd xz —(¥XH2 )!
2V5x+2 5x2+2 V5x2+2 5

X 1 1
——dv=— | (V5x*+2) " dx==V5x"+2+
f\/5X2+2 5 f( ) 5 #

7. fe+2 —xlax=2 xeR,
Solutie :
fex+)2c——x2dx=fexdx+2fj—x—f X dx=

3
=ex+21n(x)+§—+50

8. [ cos(3x)dx="?
Solutie :
Daca derivam, (cos(3x))'=—3sin(3x)

sin (3x) )
3

Dar (sin(3x))'=3cos(3x) rezulta cos(3x)=(

Deci f cos(3x)dx=;—f (sin(3x))"dx =%sin(3x)+p

9.I=j'(x2+2x+1—)dx,x<0; I=?
X
Solutie :
1
I=| xdx+ [ 2xdx+ | —d
fx X j Xax ‘[x X

3
[=;C—+x2+ln(—x)+p

Observatie: Rezultatul contine In(—x) pentru ca din ipoteza stim ca x <O0.

1
10. I= +—)dx,x>0; I=?
f(x x) X, X
Solutie :
2
[=fxdx+fd—x=;—+ln(x)+go
X

! Observatie: In acest caz rezultatul contine In(x) pentru cd x<O0.

x—53 dx,x>0; I=?
X

1. 1=

Solutie :

1=] Csaigar=[ G35
X X X X

x '+1 .x_5+1

I=| x *dx+3 | xdx= +3 +
[ tast3 [aTtav= a3 5 g
__ 1 3

x> 4x*



12. I= (a-sin (x)+b-cos(x))dx; a,bER; I=?
Solutie

I= afsm dx+bfcos x=—a-cos(x)+b-sin(x)+p
€os 2x 18
13.I=| ——-F+dx,x€(0,—); I=?
Isinzxcoszx ( 2)
Solutie :
Scriem cos 2x = coszx—sinzx §i obtinem :
Ifcosx smxd ,f( B 12 )dx
sin” x cos” x sin’x  cos’x
dx dx
I=f — —f T =—ctgx—1gx+po
sin” x Cos™ x
1 1
14. I= ,XE(— = ;=); I=?
fw/ ¥&(=3 i7);
Solutie :
1
I= f\/ arcsm(2x) %)
1 —
1 1 1
Verificare ( arcsm(2x)) =-2=
2 2 Jr—(x) ~ JIP—(2x)

)dx xE(O,z—) I=?
COS

Solutie :

I1=2 f sina;);x) +f co?(x) =—2ctg(x)+tg(x)+p

_ _4
16.1_j 3

W
v
~
Il
N

=, x€(—
V16 9x
Solutie :

I se mai poate scrie si astfel
/= f yEm arcsm3—X+go

3X

1 3x|_1 1 1
Verificare: (— arcsin —) 3=

3 3A-(3x) " V16-9x’

; I=2

dx
17. I=I\/ﬁ, xe€ —2,2)

Solutie :




19. I= I1=?
f 4+ 1
Solutie
I= f —arctg(2x) %)

20. 1=j'(«/}+%/}+i‘/})dx,x>0; 1=?

Solutie :

1 L L
I=f x? dx+f X a’x+f x*dx

S+ 3 e

]=1x +1x —|—1+1x
Tl g+l
54 s
2 3 4

TR R

\/x+ xVx + xx/x+go

N

2 3
21. I=f(‘/—}—g/—;)dx, x>0; I=?

Solutie :
1 1 -5+ 3!
I=2fx 2dx—3J‘x S dx= 2 1x -3 lx +p
. — 41
2 3
_ 2
2Vx 3%
1 2
[=——= 4
A
I=4\/}—g—3/x2+go
22. I= (2"+e")dx,xER; I=?
Solutie :
1= f2 dx-l—fe dx—l +e'+p
! Am observat ca (2%)'=2"In2, deci 2"= =(2)
In2
23. I=[ (2¢"~3")dx,x€R; I=?
Solutie
X X X 3x
[=2 [e"dv—[ 3dv=2e"—2—+
fe X f h=2e'——+p
Verificare:(2e¢"—3") ’=2ex—;;ﬁ =2¢"—3"



dx
24. I=jx2—1 , x€(-1,1); I=?

1 o x—1
1‘+@-1“vx+1+@

25, 1=[ %, xeR; 1=2
e

Solutie :

Solutie :
1=f e “dx=—e +p

2 2
26. I=I()C+1)dx, x>0; I=?
X

Solutie :
(xz—l)2 ‘ 2x2+1

f—dx 2J'x—dx+f—dx—f1dx 2f1 dx+f—dx

I=fdx+2fx_ dx—i—fx_ dx:x"'%_%"‘@
X 3x
fl ‘/; dx, x€(—1,1); I=
Solutie
1 ﬁ dx
I= >~ dx——f f
1-x" 1-x° -1 Vi—x°
JEE S M —arcsin (x)+
2 |x+1
Dar, tindnd cont ca xe(—1,1), I va fi:
I=— ;—ln(ili )—arcsin (x)+ g
28. I= j'3+“x 4 i, xeR; I=?
x*+4
Solutie
x +4 x’+4 x +4 x+4
I=;—arctg(5)+ln (x+Vx’+4)+p
29. I= ."de x€(0,); I=2
cos (x) 2
Solutie :
d
I=] S —=g(x)+p
cos”(x)
30. I=fdf7,xelR; =2
Vx’+25
Solutie: [= f\/ —ln‘x+\/x +5 ‘JFSO



Integrarea prin parti

Formula:

[ fgrdx=fg—[ frgdx

S3a se calculeze integralele:
1. [ Inxdx,x>0
Solutie :
Alegem f (x)=In(x), g'(x)=1. Deaici:
f'x)=1, glx)=x
Folosind formula integrarii prin parti, obtinem:
fxln )dx= fxln Jdx=x-In(x fx—dx—

=x-In(x)—x+gp

2. len )dx , x>0

Solutie :
Alegem f(x)=In(x), g'(x)=x.In concluzie:
, 1 x’
S x)==,g(x)=-
X 2
Aplicam formula integrarii prin parti:
2 2
121
\ =1 (X =] XL — =
fx n(x)dx f n(x)(2 )'dx=In(x) STy xdx
2
=)26—ln(x)—‘1? X+

3. [ In*(x)dx, x>0
Solutie
Notam f(x)=In’(x), g'(x)=1Deci:

f1(3)=2 n(x), g (v)=x
Gdsim:f lnz(x)dxzf x'ln(x)dx=xln2(x)—2f lr;(_x)

=xIn’ (x)—2J‘ In(x)dx Folosind ex 1. obtinem:
[ 1n?(x)dx=x1n*(x)~2(xIn(x)—x)+p=
=x(In’(x)=2-In(x)+2)+p

4. [ x* In(x)dx, x>0

Solutie :

f(x)=In(x), g’ (x)=x" si avem:
3

, 1
f(x)==,g(x)=2-

X 3
Aplicand formula obtinem :

fxz 1n(x)dx=(— ——J'x -—dx——ln( )——';C_+SO=



sj'l“x(—x)dx

Solutie
f(x)=ln(x),g'(x)=)1€—

frx)=r g (x)=ln(x)

Aplicdm formula:

f ) de=[ (In(x)) “In(x)dc=In (x)—f )1? In (x) dx
Observam ca f In(x) f In(x , deci
2f1n dx=In’(x)+¢, in final:

fln(—)dx=;— In’(x)+gp

X

6. fxzexdx,xER

Solutie :

f(x)=€x,g'(X)=x2,atunci:
3

f'(x)=€x,g(x)=)3c—, deci -

_[xe dx—f _3)' xdx—3—3€ ——fx e dx

Observam ca integrala astfel obtinuta este mult mai complicata
Atunci vom alege f(x)=x"g'(x)=¢" cu

fl(x)= 2X ,g(x)=
Deci: fx e dx= fx )" dx=
—xe—Z‘[xe dx

Aplicam inca odata formula de integrare prin parti si alegem:
f(x)=x,g'(x)=e" astfel incdt:
f'(x)=1,g(x)=e"si obtinem :
fxe dx= fx )" dx =xe —fe x'dx=xe'—e'+p
In final:
_[xzexdx=x2ex—2(xex—ex)+p=
=e" (¥’ —2x+2)+p



7. I(xz—Zx—l)exdx, x€R
Solutie :
Consideram f(x)=x"—2x—1sig'(x)=e"cu

f(x)=2x—-2sig(x)=
Aplicind formula obtinem:

f(x2—2x—1)exdx=f (x*—2x—1)(e") dx=

=(x2—2x—1)ex—2f (x—1)e"dx

Ludnd separat :

f(x—l)exdx=fxexdx—f e dx= (conform ex6)=

=xe'—e'+

In final:

_[(x2—2x—1)exdx=(x2—2x—l)ex—2xex+4ex+go=
=e"(x’—4x+3)+p

8. jxsin(x)cbc, x€R

Solutie :

Notam f(x)=x,g'(x)=sin(x) si avem:

f(x)=1, (X)=—COS( )

Deci : fxsm( f —cos(x))'dx=
=—xcos ( —f —cos(x)dx=
=—xc0s(x)+sin(x)+go

9.Ix2sin(x)dx,x€R

Solutie :

fx)=x", g"(x)=sin(x)—
- f'(x)=2x, g(x)=—cos(x), integrala devine:

fxz sin (x) dx—fx (—cos(x)')dx=

=—x" cos(x) —2f —xcos(x)dx, notam 2f—xcos(x)dx=l’
I’=2fxcos (x)dx=2int x(sin(x)) "dx=
=2xsin(x 2fx (sin(x))'dx=

=2xsin(x )+ZCos( )+
Finalizare :

fxz sin (x)dx=—x"cos(x)+2x sin(x)+2cos (x)+ @

10. fsm )dx, x€R
Solutie :
Ludam f (x)=sin’x si g'(x)=1—
— f'(x)=2sinxcosx=sin2x si g(x)=x
fsm )dx = f x)'sin’(x)dx=xsin’(x) fx -sin (2x)dx notam fx -sin (2x )dx=1"

I’=5fx COS(ZX))'d)C:;— x cos(2x) —Efcos 2x) dx=

1 1 . 1
—Excos(2x)—5s1n(2x)-2—+p

Finalizare :

fsm )dx =x(sin (x)_cos(Zx) L

> )—Zsm(Zx)%-go

10



11. [ e*sin (x)dx,x€R

Solutie
Notam f (x)=¢e", g'(x)=sin(x)—
- f'(x)=¢", g(x)=—cos(x)

In concluzie:
I=fexsin dx—fex (—cos(x))dx=
=—¢" cos( +fe cos(x)dx notam fexcos( Jdx=1
I'=fe -(sin(x)) "dx=e"sin ( fe sin(x)dx dar fe sin(x)dx=
Deci :
I=—¢" cos(x)+e" sin(x)—I+p
I=;—ex(sin(x)—cos(x))+go

Obs: I'->citim I “prim” si nu I “derivat”
->l-am ales ca pe o notatie

12. [Vx=9dx, x>3
Solutie :

[:f me

dx= (am m,tionalizat)=f al

dx — 9fdx unde I=1,—1,
-9

‘f¢x_
1,= 9-ln‘x+\/x2—9|

Pentru a calcula 1, notam f(x)=x,g'(x)=(Vx"=9)" adicd g'(

2\/x —9 x’=9

unde :
f'(x)=1 si g(x)=Vx’—9
. x° 2
In concluzie: dx=] x(Vx'—9)"'dx=
Im J x4 )
=x\/x2—9—f \/x2—9dx=x\/x2—9—1, Dar I=1,—1,—
—>I=x\/x2—9—1—91n|x+\/x2—9|—>
—>I=;—(x\/x2—9—9ln‘x+\/x2—9‘)+@

Formula generalé :

f x'—a’dx= (x\/x —d'—a ln|x+\/x —al )+, xE[—a,a],a>0

11



13. I=[Vx*+9dx; I=2

Solutie :

1”

x+9
dx +9fdx

_f\/xT X249

I,

l

1,=9In (x+VxX*+9)+ o
Tema: Calculati I, folosind ex12

Finalizare: 1=;—(x\/x2+9+91n\/x2+ 9)+p

14. [Vo—xldx, xe(-3,3)

Solutie :

[=f Vo9—xdx=
- dx—f)\;z—dx

=9f}/— 9—x*

9—x

11=9arcsin(;i)+go

=fx.x
Vo
Observamca: (V9—x°)
\/9 x°

Deci I, se poate calcula prin parti astfel
1= —x(Vo—x?) "dx=—x\9—x"+ [ VO—xdx
Finalizare:

=1, —12=9arcsin(;—)+xv9—x2—l—>

—>[=;—(x\/ 9—x2+9arcsin;i)+go

Formula generalé :

I\la -X dx— (xVa’—x*+d’ arsm +p x€[-a,a],a>0

15. f xe™dx, xeR
Solutie :

Notam f (x)=x si g'(x)=e™ = f'(x)=1 si g(x)=;—e

2x

I=f xezxdx=;—f x(e™) dx=

=1—xezx—;— f e dx=

2

=;—xezx—ie2x+p —>I=;—ezx(x—;—)+go
1 o 2x—1

==& +

e (T )te

12



16. [ xVx*~9dx, x>3

Solutie :

2
I=fx\/x2—9dx=fwdx=
dx unde 1,= 9 x*—

—fmdx 9”

1

2

X

=9

-

Pentru a calcula I, notam f(x)=x"si g'(x)=

- f'(x)=2x si g(x)=\/m
Deci:
Il=fx2(\/ﬂ)'dx=x2\/m—2fx\/x2—9dx=
=x2m 21
I=1,—1,=x"Vx*~9—-21-9Vx*—9

I= ;Tx— Wx’=9+p

17. f e*cos(x)dx, x€R
Solutie

Notam f (x)=cos(x) si g'(x)=e" > f'(x)=—sin(x) si g(x)=e"
Integrala devine:

I—f e*cos(x)dx= f( x)’cos( )dx=

=e"cos( fe —sin(x))dx=
=e"cos( +fe sin ( )dx'
d- T

1
Pentru a calcula integrala 1' folosim iarasi formula de integrare prin parti astfel:

f(x)=sin(x) si g'(x )‘e —>f (x)= COS( )Sl g(x)=
[’=I(ex)’sin( )dx=e"sin ( fe cos (
In concluzie:

I=e"cos(x)+e'sin(x)—1—

X

—>[=§—(cos(x)+sin(x))+@

18._[ arcsin(x)dx, x€(—1,1)
Solutie :

Alegem f (x)=arcsin(x) si g'(x)=1 — f’(x)=}/l = si g(x)=x
— X

Asadar:
I=f arcsin (x )dx=f( )’arcsin(x)dx=

Vi-x?
Observim ci: (V1 —x*)'=—1——
\/l—x2

I =x-arcsin (x)—i—f (\/l—xz) "dx= x-arcsin (x)+ V1 —x"+

=X arcsm f

, in concluzie:

13



19. Isinz(x)dx, x€R
Solutie
Met I: Notam f (x)=sin(x) si g'(x)=sin(x)—
-*f (x)=cos(x )Sig()=—©0ﬂX)
I= fsm )-sin (x)dx= fsm (—cos(x))dx=
=—sin(x)cos(x +fcos (x)dx= Darcos’(x)=1-sin’(x) deci:
fcos )dx= fdx fsm )dx  Finalizare:
sin (2x)
2

I=—sin(x)cos(x)+x—1, dar sin(x)cos(x)=

Deci:

EI

[—2 4sm(2x)+go

Met IT: Notim f(x)=sin’(x) si g'(x)=1-
—>f( )=2sin(x)cos(x) si g(x)=

I= _[ 'sin’(x ) dx=x-sin (x)—fo -sin(x)c s(x)dx

I=xsin’(x) —f x-sin(2x)dx

Folosim iarasi formula de integrare prin parti:

Notam f(x)=x si g'(x)=sin(2x) - f'(x)=1 si g(x)=—;—cos(2x)
I=f xsin(2x)dx=f x(—;—cos(2x)) 'dx=—;—xcos(2x)+% f cos(2x)dx

I=x-sin2(x)+é—xcos(2x)—LlTsin(2X)+go=

=)2i(2sin2(x)+cos(2x))—%sin (2x)+p
Dar cos(2x)=cos’(x)—sin’(x), dec:

2sin’(x)+cos (2x )=2sin’(x)+cos’(x)—sin’(x)=1
Finalizare:

1
1= 2 4sm(2x) %)

20. farctg(x)dx, x€R

Solutie :

Folosim notatia: f (x)=arctg(x) si g'(x)=1—- f'(x)= = si g(x)=x
Obtinem :

I=f arctg(x)dx=f (x)"arctg (x)dx =xarctg(x)—f al - dx

1+x

Printr-o oarecare intuitie matematica observam ca:

> asadar:

[l—ln(1+x2) =
2 1+x

I=x-arctg(x)—;—ln(l +x°)+p

14



Exercitii propuse

Calculati integralele:

foe%h,xER
2.fxze3xdx ,x€R

3.f (x—1)7¢"dx, xeR

3. [ (X’ =3x+2)e'dr, xR
5.f(x—2)2ezxdx, x€R
6ufxum(xﬁh,xeﬁ
7.J‘xzcos(x)d%,;x€IR
8.fcos2(x)dx,x€IR

9. f e sin(x)dx, x€R
Hlfo2—25dx“x>5

11. [ Vx> +196dx, x€R
12. [ V36—x"dx, x€(—6,6)
13. [ xVx*—25dx, x>5
14. [ ¢ (—cos(x))dx, x€R
15.f arccos (x)dx, x€(—1,1)
16.farcctg(x)dx,x€IR

15



Metoda substitutiei

Prima metoda de schimbare de varibila

Probleme rezolvate:
S3d se calculeze, folosind prima metoda de schimbare de variabila,
primitivele urmatoarelor functii:

1. f(x)=2'zxi, x€R
X +x+7
Solutie :

Notam x*+x+7=t si derivam:

(x> +x+7) " de=t"dt —» (2x+1)dx=dt
Integrala devine:
]=f %dx =f f—t=ln|t|+go
Revenind la substitutia facuta avem :
I=In (X’ +x+7)+p

=2x+3

> , XER
x+3x+1

2. f(x)

Soltie :
Notam x*+3x+1=t si derivim:

(> +3x+1)"de=t"dt - (2x+3) dx=dt
Integrala devine :

2x+3 dt
I=| =Z=——— dx=| ==Inl|+
J‘xz—i-?sx-l-l Jlf || ©

In final revenim la substitutie :
I=In(x*+3x+1)+p

_4x+2

T E— x€R
X +x+2

3. f(x)

Solutie :
Notam: x*+x+2=t astfel:

(X" +x+2)'=t"dt » (2x+1)"dx=dt|-2— (4x+2)dx=2dt
Integrala devine:

I=f tz—dt=2ln|t|+5o=lnt2+go

Finalizare:
I=2In(x"+x+2)+p

16



4. f(x)=% x€R

Solutie :

Notam cos(x)=t, derivam:
—sin(x)dx= dt — sin(x)dx=—dt

sin ( —dt
Deci: [= = — =
‘[ 1—|—cos (x) f 1+
=—arctg (t)+p
Finalizare:

I=—arctg(cos(x))+p

5. f(x)=tg(x),x€(0,121)

Solutie :
Notam cos(x)=t, derivam:

—sin(x)dx=dt — sin(x)dx=—dt
Obs: Am folosit faptul ca tg(x)= in (x)

S
os(x)
1= tg(x) jzgj(x dv=[ = =—tn(1)+p

astfel :

Finalizare:
I=—In(cos(x))+gp

_1+12%(x) ud
6°f(x)_tg(x) ’ x€(0,2 )
Solutie :
MetI:
() x= I x))dx= dx x)dx
il et s KL

Il=f ctg(x)dx=f %dx

Notam sin(x)=t — cos(x)dx=dt—

T

1= et 200

Penru a rezolva integrala I, vom proceda in mod analog
Tema: Rezolvati integrala I,

Trebuie sa gasiti ca:I1,=In(—cos(x))+ @

Finalizare:

I=In(sin(x))—In(cos(x))+  sau

sin x
=1 +o=In(¢ +
n(cosx) p=In(1gx)+gp
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Met Il :
= J- 1+tg .[1 )" dx

Obs : Am zntult foarte s1mplu faptul ca:
2 . 2 .2 2
1+1g%(x)=2S (x) L sin (x) _sin"(x)+cos™(x) _

cos’(x) cos’(x) cos’(x) cos” (x)
Asadar si prin urmare...
Notamtg (x)=t — (tg(x)) 'dx=dt
I=Inlt|+p
Finalizare:
I=In(tg(x))+p

7. f(x)=x’e", xeR
Solutie :
Notam x°e* =t deriviand constatim :

4-x’e" =dt - x’e dx =d—t

In aceste circumstante...
I=f X’ ex4dx=1—f d—t=1—ln|t|+go
49 ¢ 4

theend... I=£1Tln(ex4)+<§0

8. f(x)=sin(x)-cos’(x), x€ER

Solutie :

Folosim notatia cos(x)=t - —sin(x)dx=dt
Utilizam formula de schimbare de variabila :

3
I= fsm )cos®(x )dx=f—tzdt=—;—+gg
Revenim la schimbarea de variabila :

cos’ (x)

I=—
3

T

9. f(x)=sin’(x)-cos’(x), x€R

Solutie :
Notam cos( )= t — —sin(x)dx=dt
I= fsm )-cos’(x)dx = fsm )-sin (x)-cos’(x)dx=

—f 1 —cos (x)) -sin(x)-cos’(x )dx——f(l—tz)-t3dt=

—f ~)dt=[Far— [ fdi=

l t
=L L,
6 a ¥

Finalizare:
6 4
cos’(x) cos (x)

/=
6 4

T
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10. 7 (x)=rg(x)+15°(x), xe(-T ;)
Solutie :
Amintimdinex6:
1 _sin’(x)+cos’(x) _cos’(x) sin’(x) _ 2
(i (x)) _cosz(x)_cosz(x) _cosz(x)+cosz(x =1+ig ()

Notamtg (x)=t — (1+1g°(x))dx=dt
I=f tg(x)+tg3(x)dx=f tg(x)(1+1g°(x))dx =

2

=ftdt=t2—+go

;=g (x)

5 +so— 1g’(x)+gp

!0bs:Pentru a beneficia de un punctaj maxim in cazul rezolvarii unui
exercitiu matematic, trebuie sa aducem solutia sub forma cea mai
simpla.

11. f(x _F,xeo ;1)

Solutie :
Notamxx=t [* = (xVx)'=
Derivam, (xx)'dx=dt

Dar (x\x)'=Vx+i:— ol \/x deci :

;— xdx=dt —>\/x-dx=3—dt

integrala 1 =_f dx devine

= J'2 dt

N

=§—arcsin(t)+go

Vx
A

Revenind la schimbare de variabila facuta obtinem:

I=§—arcsin(x\/;)+go

12. f(x)=x—4, x€R
1+x
Solutie :
Notam :x2=t - 2-xdx=dt — xdngl_t

12x

~dx devine prin schimbare de variabila

1 [ dt 1
1'= =—arctg(t)+
fm S areig| > o

Revenind la schimbarea factuta obtinem:

I=;—arctg(x2)+go
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RE
13. f(x)= \/},x>0 x€R

Solutie :

Notam Jx=t » ——dx=
\/x

Integrala devine:
ev’x t t
=] —=dx=|2edt=2e+
f Ix f §

Revenind la schimbarea factuta obtinem:
I=2e""+p

dx

dt —=2dt
~x

2x

14. f(x =ei, x<0, xeR
W=
Solutie :
Notam e™*=t - 2e™dx=dt —
2
e

dt

2 o m_p 2
=t |To e =t —>exdx=2—

2x
- 1 1 1 )
In concluzie: I=|%——dx== ——dt=—arcsin(t)+gp
fh—e“" 2 f\/l—ﬁ 2
Revenind la schimbarea de variabila obtinem :

1=é—arcsin (e™)+p

1g(x)
T T
15. x)= ,XE(— —, —
Solutie :
Notam tg(x)=t —» ———=dt
cos”(x)

Prin Schimbare de variabila :

I= fe dx=fetdt=e’+go
cos’(x)
Revenmd la schimbarea facuta:

I=e*Ytp

16. f(x)=V1+x?, xeR

Solutie :

. dt
Incercam notatia 1+ x°=t — 2xdx=dt — x dx=2—

Tragem de aici concluzia ca in acest caz metoda schimbarii de variabila nu ne

prea surade.Incercidm si folosim metoda integrdrii prin pédrti....poate,poate...
2
X
I=_[ \/1+x2dx=f (x)'\/1=x2dx=X\/1+x2—f P dx=
+x

—x\/1+x fx+1 dx f\/—

S I=xV1+2° —I+1n(x+ X+1)+p
2-I=x\/1+x2=ln(x+\/x2+1)+go
Finalizare :

=;—(x\/1+x2+ln(x+\/x2+1))+
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17, f(x)=Sn20)__

, X€R
sin”(x)+3
Solutie :
Alegem sin’(x)=t — 2-sin(x)-cos(x)dx=dt
Dar cunoastem faptul ca 2sin(x)cos(x)=sin(2x), deci:
sin (2x)dx=dt iar sin4(x)=(sin2(x))2=t2
Dupa toate acestea..

7= J‘sm (2x) dt _
sin”(x) t +3
= arct +
=l A f e
Revemm asupra schimbarii facute:

sin’(x)

—l—arc —
= ol )te

18. f(x)=xr1g(x?), xe(—
Solutie :

LS
)

Notam x*=t — 2xdx=dt — xdx=§—t

I=f xtg(xz)dx=;—f tg(t)dt=

=LJM(Z‘)Q’Z‘

2 Y cos
Folosim o nouda schimbare de variabila:
cos(t)=a — —sin(t)dt=da — sin(t)dt=—da
—1 pda -1

I=5—] ~==5=In(a)+p=—In(\(a)+p=—In(Veos(r))+p
2
In final I=—In \/cos )+ saul= ln(L(zx)HSO
cos(x”)
1
19. f(x)=2—, x€ER
X +x+1
Solutie :
s _ 2x-1 1) 1
Obsca:x+x+1= >t 4+1—
2
= x+1— +3—
2 4
dx
I= =
f\/x+2+x+l J > (V3Y
Xt+— |+ —
2 2
Notam x+;——t — dx=dt
d 1V (V3Y
=[-4 =lnj+|x+= |+ 3= | [+
5 2 2 2
£+ ==
2
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In final:

2 2 2
I=In x+;‘— + x—i—;— +2£ +o sau
1 2
I[=Mn||x+7 X+x+1|+p
20. f(x)=—1 — x>1
xIn(2x)’
Solutie :
_ 2 _ dx _
Notam: In(2x)=t - =—dx=dt - —=dt
2x X
=f dx
xIn(2x)’

I se transforma prin schimbare de variabila in:
1'=fta’—t=ln|t|+go Revenim la schimbarea ficuta :
I=In(In(2x))

!Obs : Modulul a disparut pentru ca x>1

Exercitii propuse

Calculati primitivele urmatoarelor functii, folosind
prima metoda de schimbare de variabila:

Lofo)=2tl er
X +x+2
2x+3
2. x)=——,x€lR
f(x) x*+3x+6
6x+3
3. x)=——,x€R
I x*+x+9
4. f@):%,xewz
1+sin”(x)

5. f(x)=ctg(x), xE(O,g—)

6 f(ﬂ:ﬂ xe(0,1)
' g(x) 2
7. f(x)=—"——, x>e> x€R
X +5x+12

8. f(x)=%-sin(\/;), x>0, x€R

9. f(x)=x8 ,x€ER
x +1

R

10. f(x)=_\/; , x>0, xeR

11. f(x)=x4ex5, x€R
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Integrarea functiilor rationale
Integrarea functiilor rationale simple
Probleme rezolvate:
Sa se calculeze primitivele urmdatoarelor functii:
L f(x)=—, x<—1

x+1
Solutie :

f | dx=In|x+1|+p=In(—x—1)+gp
x+1

x—fl)(2x+ 1)

, x>—1, xeR

2 f )=

Solutie :
Calculul primitivei acestei functii presupune mai intdi
descompunerea ei in functii rationale simple, adica:

X A B

(x+1)(2x+1)  x+1 2x+1

Dupa ce aducem la acelasi numitor obtinem:
X _2A4x+A+Bx+B de fapt

(x+1)(2x+1)  (x+1)(2x+1) ° '

x+0=x(2-A+B)+ A+B

Trecem la identificarea coeficientilor:

{ jf;f; ! pentru ca coeficientul lui x este 1 iar coeficientul liber este 0.

Rezolvand sistemul obtinem:
A=1si B=—1
Ajungem la concluzia: = 1 1
(x+1)(2x+1) x+1 2x+1
1 1

jf(x)=f(x+1 TSl
_(dx _ dx _
_fx+l fzx+1 B

=ln(x+1)—;—ln(2x+l)+p=

, prin urmare :

—1n x+1 +
V2x+1 &
3. f(x)=—1——, xeR
x+2x+3

Solutie :
Calculam radacinile polinomului f.
Voi folosi in loc de litera grecesca delta pe D

D=b"—4ac=4—12=-8<0 — [ are radacini complexe.
Datorita acestui fapt incercam scrierea lui sub forma de suma de patrate.
22X 3=+ 2x 1+ 2=(x+1)+(V2)

Y =1 gL
Jr=] (x+17+(27 V2 tg(\/Z

T
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4x+1

4. , X€ER
f )= e rs) R
Solutie :
4x+1 _A+B + C

x(x+10)(x+3)  x  x+1  x+3

Dupa ce aducem la acelasi numitor obtinem :
4x+1=A(x"+4x+3)+Bx(x+3)+Cx(x+1)
4x+1=Ax"+4Ax+3A+Bx’+3Bx +Cx’+Cx
4x+1=x"(A+B+C)+x(4A+3B+C)+3A

Trecem la identificarea coeficientilor

A+B+C=0 1

B+C=—
4A+3B+C=4 3
1 = 8
3A=] - A=~ 3B+C=2
3 3
| 3 11
- - A=+ B=2,6 C=——
p?’ll’l urmare 3 2 6
4x+1 1,03 11

mrx(x+1xx+3)‘EQ*é(x+1)_6p»+w

4x+1 _rl 3 _ 11 -
e @=lce s se &=

_1 rdx 3 11 dx _
'[ Jlx+l x+3
3
—3—ln(x)+51n(x+l)—6—ln(x+3)+go
5. f(x)=22X7, x>3,x€ER
x"—5x+6
Solutie :

Calculam solutiile ecuatiei: x*—5x+6=0
D=b"—4-ac=25-24 —» D=1

5+1
xX,==— - x,=3

2

5—1
x2=2— - x,=2
In concluzie:
2xX 2X _ A B

2 = = +
x=5x+6 (x=3)(x—2) x-3 x-2
2x=Ax—2A+Bx—3B
2x=x(A+B)—2A—-3B

<{A+B=2y2 — A=6, B=—4

—2A-3B=0

2x _.(dx  radx
x—dx_6fx—3 4fx—

—5x+6
=6In(x—3)—4In(x—2)+p=
(x=3)

=In 2
(x—2)
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6. f(x)=5TE—, x>1
x+x—2
Solutie :
Calculdm solutiile ecuatiei x°+x—2=0 cu scopul de a descompune functia f(x) in functii
rationale simple.
X’ +x4+2=0
D=14+8=9 - D=1 - x,=1 si x,=-2
Observam ca:
o6x+21 _6x+21 _ A L B
Y4x—2 (x=1)(x+2) x—1 x+2
6x+21=Ax+2A+Bx—B
6x+21=x(A+B)+2A—B
Indentificam coeficientii

A+ B=6

2A—B=21

A=27 - A=9 si B=-3
Astfel am aflat ca:

J~6x+21 e 9f dx_3f

= =9In(x—1)-3In(x+2)+p

4 x=2 x+2
I=In (x U,
(x+2)’
1
7. , x>—1
fx)= (x+2)(x’+5x+6)
Solutie :

Pentru a descompune functia aflim mai intéi solutiile ecuatiei: x*—5x+6=0
D=25-24=1
x,=3, si x,=2
Asadar

1 _ 1 _A B C

= = + +

(x+2)(x*+5x+6) (x+2)(x=3)(x—2) x+2 x-3 x-2
Indentificam coeficientii :
1=A(x—3)(x—2)+B(x+2)(x—2)+C(x+2)(x—3)
1=A(x—5x+6)+B(x’—4)+C(x’—x—6)
1=x*(A+B+C)+x(-5A—C)+6A—4B—6C

A+B+C=0
—5A-C=0 - C=-5A
6A—4B—-6C=1
—4A+B=0 |4 —16A +4B=0
36A—4B=1 = 36A—4B=1
1 1 1
A=— B=— =——
20° 5’ ¢ 4
Dupa ce inlocuim coeficientii aflati, obtinem:
| rodv=| e+ s L )ax=

0(x+2)  5(x—3) 4(x—2)
1

1 1
—Eln(x+2)+5 In(x+3)—=In(x—2)+p

i
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2
2x+5)(5x+2)

, XER,

8. f(x)=;

Solutie :
21 A B
= +
(2x+5)(5x+2) 2x+5 5x+2
21=5Ax+2A+2Bx+ 5B
21=x(5A+2B)+2A +5B

SA+2B=0]-2 . | —10A-4B=0
2A+5B=215 10A+25B=105

in conluzie:

A=-2 si B=5
dx dx
dx=—2 +5
[ 7 (x)ax 2x+5 Sx+2
I, 1,

Pentru a intui rezultatul integralei I, observam ca:

T2x+5  2x+5 2
. 1 (In(2x+5))’
1 l t1 =
n mod analog p 2_)5x—|-2 >

Datorita acestor indicii :
_ (In(2x+35))’ (In(5x+2))" , _
f f(x)dx——2f 2—dx+5f 2—dx—

=—In(2x+5)+In(5x+2)+p=
5x+2
=] +
n(s) e
3
X +x+2
9, x)==—/07—"7+——, xeC
f( ) X+xi+x+1
Solutie :
Amintim;:

In cazul ecuatiei de gradul II, de obicei, cercetim dac solutia se afla printre divizorii termenului liber.
In cazul nostru D;={-1,1} si observam ca x,=-1 este solutie.

Folosind Schema lui Horner:

X3 x> X 1

1 1 1 1
-11 0 1 0

Y+ x’+x+1=(x+1)(x*+1), unde x*+1=0 admite solutii complexe
x4 x+2 _ X Hx+2 _ A  Bx+C
Obtinem: 4y tx+1 (x+1)(x>+1) x+1 x*+1
X’ +x+2=Ax’+ A+ Bx’+Bx+Cx+C
X+ x+2=x(A+B)+x(B+C)+A4+C

A+ B=1
B+C=1 — A=1, B=0, C=1
A+C=2
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X +x+2 1 1
2 = + 2
(x+1)(x"+1) x+1 x"+1

dx dx
= +
ff(x)dx x+1 fx2+1

=In(x+1)+arctg(x)+p

5 4
10. f(x)=XFX=8 1o
X" —4x
Solutie :
Deocarece gradul numaratorului este mai mare decdt gradul numitorului
efectuam impartirea:
(X +x*—8):(x’—4x)=x"+x+4, r=4x>+16x-8, astfel:
“pxt—8=(x"—4x)(x*+ x+4)+4x°+16x—8
4x°+16x—8
x°—4x
4x’+16x-8 _4 B _C

x(x=2)(x+2) x x—=2 x+2
4X°+16x —8=Ax"—4 A+ Bx’+2 Bx +Cx" =2 Cx

omscrie: f(x)=x"+x+4+

A+ B+C=14
2B—2C=16 A=2, B=5,C=-3
<:> ) s
i —4A=-§
In concluzie:
ff f (X" +x+4)dx— 2fdx d__
x+2

3 2

=;C—+2—+4x+21n(x)+51n(x—2)—31n(x+2)+p
x'—6x+11x—6
11. X)= , x>2
f( ) x =3x+2
Solutie :

Deocarece gradul numaratorului este mai mare decdt gradul numitorului
efectuam impartirea:

(x*—6x"+11x—6): (x’—3x+2)=x"+3x+1  r=8x—8

4 2 2 2
—6x" +11x— +3x+1 —1
dstfel (x 26X X 6)=(x 3>2< )H‘%_'_ 28()c )
(x"—3x+2) (x"—3x+2) X —=3x+2
- —1
Incercam sa descompunem functia ﬁ in functii rationale
x —3x

simple.Pentru a face acest lucru cautam mai intdi radacinile ecuatiei
x*—3x+2=0.
D=9-8=1, x,=2; x,=1
x—1  _  x—1 _ 4 B
2 - - +
x —3x+2 (x—Z)(x—l) x—2 x—1
x—1=Ax—A+Bx—2B

A+B=1 x—1 1
= De fapt: =
{ —A4-2B=-1 = 4=1, B=0 Jap ¥ =3x+2 x—2

3
x—+%+x+81n(x 2)+p

Finalizare ff(x)dx=f( ’ 3
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Integrarea functiilor rationale pentru care numitorul are radadcini
reale multiple

S3a se calculeze primitivele urmatorelor functii:

1 f(x)=———, x>0

x(x+1)
Solutie :
In acest caz functia admite descompunerea:
1 _A B +C

x(x+l)2 _x x+1 (x+1)2
1=A4(x+1)+Bx(x+1)+Cx
1=x*(4+B)+x(2A+B+C)+ 4

A+ B=0
2A+B+C=0 - A=1,B=C=-1
A=1

Deci:f(x)=1——1—— I iar,

x x+1 (x+1)
[ f(x)de=In(x)=In(x+1)— [ (x+1)dx

Pt a calculaf

i 17 not x+1=t — dx=dt si (x+1)’=
X+

dx J’dt J'l‘izdt———-i-go
Fmalzzare
)dx=1 —
J £(x)de=in 44)
+1n

1
x+1

+p=

T

T x+1 +1

X
2,x>1

ATy Ty

Solutie :

Functia se va descompune cu ajutorul nostru astfel
X _ A + B + C

(x—1)(x+2)* x—1 x+2 (x42)

x= A(x+2) B(x—1)(x+2)+C(x—1)

x=x"(A+B)+x(44+B+C)+44-2B—C

44-2B-C=0 9
X 1 6

(x+1)(x+2) 9<x+2f+wx+zf
Pentru ca am ajutat functia f(x) sa se descompuna...
dx dx dx
ff dx_ f x—1 fx+2+6f(x+2)2)
I, I, i
I, si I, se rezolva usor.
Pentru a se rezolva I; apelam la metoda schimbarii de variabila:

A+ B=0 : L e
{4A+B+C=1 e A=gB=—; C=¢
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Notim x+2=t|’

(x4+2V=¢"si de=dt

-1
[3=6f(dx devine I'3=6fdz—t=6t—1+sg=_tg+so
X ¢ —

+2)

Revenind la schimbarea facuta,
- 6
l,=——+
Px+2 o

Finalizare

ff )dx=

( n(x—1)—In(x+2)—

6 —i—lnx_1
x+2 x+2

\O|>— ©|>—‘

T

3. f(x)=m, x>—1

Solutie
Descompunem functia f(x)in functii rationale simple:
X A B C
= + +
(x4+1)(x+3)* x+1 x+3  (x+3)
x=A(x*+6x+9)+B(x’+4x+3)+C(x+1)
=x"(A+B)+x(6 A+4B+C)+9A4+3B+C
A+ B=0 1 1 6
64A+4B+C=1 = A=—7, B=;- C=—7
94+3B+C=0 ’

[ f(x)dx="(=In(x+1)+In(x+3) +j — dx)

x—|—3)

Dar, —f 6 dx= 6 +p

x+3) (x+3)
| r(x)d

x+3 6
4. f(x)=

+
x+1 x+3
X
(x+1)(x+2)?
Solutie :
Descompunem functia f (x)
2
X = A + B n C :
(x+1)(x+2) x+1 x+2 (x+2)
X' =A(x4+2) 4+ B(x+1)(x+2)+C(x+1)
A+ B=1
4A+3B+C=04= A=1, B=0, C=—4
4 4+2B+C=0

J f(x)ax=

4
=ln(x+1)+——+
n(x-+1) x+2 ®

T

, x>—1
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Integrarea unor functii rationale care au numitorul cu radacini
complexe simple

Calculati primitivele urmatoarelor functii:

1 f(x)=——,x>0
x +1
Solutie :
Descompunem functia:
1 _ 1 _4+Bx+C

Y41 x(x+1) ¥ xX*+1

Observdm cd numitorul x’4+] admite rdddcini complexe.

Datorita acestui fapt in descompunerea facuta intdlnim mai nou
termenul ,Bx+C” in loc de obisnuitul “B+C”

1=A4A(x*+1)+x(Bx+C)

A+B=0
C=0
A=1 - B=-1
1 1
x)dx=| (—— dx=
[rac=[ (-5
.
X x*+1
=—arctg x+In(x)+gp
2. f(x)=———), x>0
x"+2x+2
Solutie

Observam ca numitorul acestei fractii are radacini complexe
(D=-4<0)

!Descompunerea universald pentru functia ————cu b’—4c<0 este:
X +bx+c
2 [ T 3)\2
X+ bx+e= x—l—é + \/407[) adica
2 2
1 _ 1
2 - — 2
X +bx+c _|_é 2+ \/4c—b2
) 2
Am reusit astfel sda scriem numitorul ca o sumd de patrate.
2 ——\2
2 2 V8—4
+2x+2=[x+Z | + =
X" +2x x+3 7 )
=(x+1)+1
dx
x)dx=| ————=arctg(x+1)+
[ rx) f<x+1>2+12 g(x+1)+p
3. f(x)=—2+5 , x>0
(x+2)(x"+x+1)
Solutie :
4x+5 _A +B)c+C

(x+2)(x*+x+1) X422 K xtl
4x+5=A(x’+x+1)+(Bx+C)(x+2)
4x+5=A(x’+x+1)+ Bx’ +2Bx +Cx+2C
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A+B=0 - B=—4

A+2B+C=4 @{;f;gf: = A=-1,B=1,C=3
A+2C=5 -
+3
flx +[ dx=
f fx"‘z fxz-l-x—l—l
=—In(x+2)+1', unde [’—Iidx

x+1

Observdm cd (x’+x+1)'=2x+1 ,asadar pentru a efectua o schimbare
de variabila modificam putin forma integralei [’

= 1J'2x+6 lJ‘2x+1 dx+1f dx

x+x+1 Chx+l 27 XPx+l
I, I’

Pentru a rezolva integrala [,' efectudm schimbarea de variabila:
2
X +tx+l=a

(2x+1)'dx=da
[1'=1—J‘d—a=;—ln(a)+p
11'=;—1n(x2+x+1)+go
= 3J' dx if dx _
XHx+1l 2 1\ (3Y
X+ +l—
2 2
x+1—

=i-2—-arctg—+g0
23 73

=+ 3-arctg 2)\(/;1 +

Finalizare :
[ flx)dx=—In(x+2)+1,"+1,'=
=—ln(x+2)+1n\/x2+x+1+@‘arctgﬂ—i-go:
o V3
\/x +x+1
x+2

=ln 2" 134 rtg \/f +go

2x —3x* +2x
(x*+4)(x*+1)

4. f(x)=

Solutie :
Descompunem functia

2x°—3x>+2x _Ax+B  Cx+D
(x’+4)(x’+1) x+4 x+1

, Aducem la acelasi numitor si obtinem :

2%’ = 3% +2x=(A+C) X’ +(B+D) x’+(A+4C)x+ B+4D. Prin identificare rezultd sistemul :
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A+C=2
B+D=-3
A+4C=2
B+4D=0
De aici obtinem solutiile: A=2, B=—4 ,C=0, D=1

Dupa descompunerea functiei putem integrala capata forma:

ff(x)dx=f2);_4 dx+f de =

x+1
2x dx dx dx
= —4
f x’+4 f f
Prin schimabarea de varzabzla X +4—a - 2x dx=da obtinem :
22, fda a)+p=In(x*+4)+p
X +4
Finalizare :

ff Jdx=In(x’+4)+4- ;—arctg2 +arctg x+p =

=ln(x2+4)+2-arctg§+arctgx+go

32



Exercitii propuse:

Sa se calculeze primitivele urmdatoarelor functii:

Lfx)=—

T3x+5
SN
s r
4 0=
> f(x)=3x1+5
6 f(¥)=m—

7 fe)E

8. f ()=

9. flx)= P
10, /(=32

11, f@):%
12 f(x)= fx

13. f(x)=(x)i71)m

14, f(@:%
Is. f@):"?j—’;”
16. f@):f_Lll

17, f@):ﬁ

18, f(x>=xf_"6ﬁ
19. f(x)=x(x+51)(x+3)
20, f(x)=2%
m.fuhgi%%;

22. fwx)=( Al

x+1)(x+3)(x+5)
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Integarea functiilor trigonometrice

In caculul integralelor trigonometrice putem folosi fie formula
integrdrii prin parti, fie metoda substitutiei. In utimul caz,
putem apela la substitutiile:
1l.Daca functia este impara in sin x,

R(-sin x, cos x)= -R(sin x, cos x), atunci cos x=t.

2.Daca functia cos x,
R(sin x,-cos x)= -R(sin x, cos x), atunci sin x=t.

3.Daca functia este para in raport cu ambele variabile
R(-sin x, -cos x), atunci tg x=t.

4 .Daca o functie nu se incadreaza in cazurile 1,2,3 atunci se
utilizeaza substitutiile universale:
sinx=i cosx = i unde t=tg£
1+’ +1’ 2

5.Mai putem folosi si alte formule trigonometrice:

1—cos2x 2 = 1+cos2x

. . o 2
sin2x=2sinx-cosx, sin x= 5 , COS 5

Sa se calculeze primitivele urmatoarelor functii:
3 .
1. f(x)=cos x-sinx
Solutie :
4

» . . t
Notam cosx=t — —sin xdx=dt — f cos3x-smxdx=—f £ dt=— 4—+go =—

4
COS X
4

2. f(x)=cos’x-sin2x

Solutie

Notam cos x=t — —sinxdx=dt

f cos’ x-sin 2x dx=f cos3x-25inxcosxdx=2f cos’ xsinxdx="
5

=—2ft4dt=—2- §—+5/J=— g—cossx+go

3. f(x)=sin’x-cos’x
Solutie :
f sin3x-c0s2xdx=f cos” x-sin”x-sin xdx=f cos” x+(1 —cos’x)-sin x dx
Notam cosx=t — —sin x dx=dt
3 5
. t t
f coszx~(l—coszx)-smxdx:—f (1= dt=— 3—+5—+go=
5 3
COs'X  COS X

3

=fcoszx-(1—coszx)-sinxdx= +
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4. f(x)=ex+i—+3x+c0sx, x>0

Solutie :

ff f +2 +3"+cos x)dx= fe dx+f3 dx+2f—+f cos xdx
Imi aduc aminte ca:

(e")'=e", (lnx)’=)1€—, (3%)'=3"1n3, (sinx)’'=cos x

Din aceasta amintire am ajuns la concluzia :

X

ff Jdx=e"+ 33 +2-Inx+sinx+ g
sin’ x

5. f(x)=
cosx

Solutie :

ff(x)dx—fsm3x _f(l—coszx)-sinx e
“Jocosx cosx

Notam cosx=t — —sin x dx=dt

2 . 2
f(l cos” x) smxdx=_J-1 o
COS X t
£ cos’ x
=2——lnt+go= —In(cosx)+ g

6. f(x)=sin’x
Solutie
f sin3xdx=f sin x-sinzxdx=f sin x(1—cos’ x)dx=

3 3
=—f(l—tz)dt=—t+;—+p=—cosx+cos *ip
arcsin x
7. f(x)=F——"
Vi—-x’
Solutie :
Notam arcsin x=t pentru ca (arcsinx)’'= ! - =dt
Vi—x ¢1 —x’
2 . 2
arcsin x _t _(arcsm x)
f — dx ftdt =
3. f(x)=c0sx :
1+sin"x
Solutie
Notam sinx=t — cosxdx=dt
COS X dt  _
f flx f 1+sin’ x 147

=arctg (t)+ g =arctg sinx+
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T
9. —, x€(0,—
flx)= 5—3cosx’ ve&( 2)
Solutie :
2
Notam t=tg)2£. Cum cosx=1—2, integrala asociata este:
t
2dt
—f 1+t lJ.dit2=1—-2arctg(2‘[)+g0=1—arcz‘g(2t)+égo
—) 47, (1) 4 2
=
1+t 2
Finalizare :
ff dx——arctg(2tg2) %)
10. f(x)=—""5 — xe&(0,7)
1+cos x+cos” x 2
Solutie

Notam cosx=t — —sin xdx=dt

[ Fxyde=— —4

1+¢+¢

1 1

2 - —\2
t+t+1 2

L), (V3

2 2

dar,

1
t+=

J‘ dt =f dt __ 2arctg 2
1+¢+1° 12 (v3) V3 V3
b 2

2

Finalizare :
2cosx+1

ff —%arcth—h@

11. f(x)=1g'x, xE(O,ZE)
Solutie :
Notam tg x=t si obtinem o integrala asociata de forma:

(2 £ (D141 , 1
1'—ft1+ﬁ¢h—f dt _f(

241 241

dt=

=;——t+arctgt+go
Finalizare :
ff dx———tgx—i—x—l—go

12. f(x)=cos’ax, x€R
Solutie -

ff f —(14cos2ax)dx §+4—lsin2ax+go
a
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Exercitii propuse:

Sa se calculeze primitivele urmatoarelor functii:

> b=

Y =W

13.

14.

15.
16.

17.

18.

19.

20.

21.
22.

23.

24.

sin x
- 2
cos"x—4
sin 2x

f<x>:v1—(coszx)2
fl)=—

“sinx
f(x)=sin""x-cos’ x

1 i
T2 S <2
f(x)=

COS X

sinx+sinx+1
1

f(x)=cosx+sinx+3 ’
f(x)=ctg’x, xe(0,2)

2
sin x T
=———, x€(0,=
S sin x+cos x x€( 2)
f(x)=sin’ x
\sin x T
F0)=20E e, T
f()=ig'x, x€(0.])
2—sinx T
e e —
S (x) 2tcosx’ o )

x€(0,21)
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H» a=0, YaeR
2) X =

3) (xX") = n-x™t

y O)=-%

5) Vx'=5¢

6) Vx' = T =
7) (a¥) = a*lna
8) (&) " =e

9) Inx"=-

10) 1gax” = 1gae

11) sin X" = Cos X

12) cos X' = -sin x
, 1
13) tgx " = ot
, 1
14) ctg x " = -~

15) [f(x)+g(x)] " = f'(x) + g'(x)

16) [f(x)-g(x)]" = f"(x)-g(x) + f(x)-g'(x)

7 (f{x]) ) gle)- Flxig’ (x)
) gix)) g2 (x)

18) TG = f {x:l
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Omul Tnvatd cu un randament de:
v 10% atunci cdnd citeste cu privirea
v 20% atunci cdnd citeste cu voce tare
v 40% atunci cdnd citeste cu voce tare si scrie
v 60% atunci cand discutd cu altcineva

v 90% atunci cand Thvatd pe altul
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10.

11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

21.

22.

23.

24.
25.

26.

Reguli pentru o invatare rapida

Fii atent in clasa. Cu cat intelegi mai multe in clasd, cu atat se va reduce timpul de invatat acasa.

Pune intrebari profesorului. Nu lasa lucruri nelamurite. Acasa e mult mai greu de lamurit decét in

prezenta profesorului.

Drumul de la scoald pana acasa sa fie cel mai scurt si mai rapid posibil.

Inainte de a te apuca de invatat fd-ti un plan de invdtare, incepe sa inveti cu obiectele cele mai grele

si sfarseste cu cele mai usoare.

Dupa ce ti-ai facut planul de lectii poti sd spui o rugdciune ca Dumnezeu sé te ajute la lectii.

Odata ce incepi sa inveti, opreste televizorul, casetofonul si orice altd sursa de distragere a atentiei.

Cu cat esti mai atent, cu atat scurtezi timpul acordat lectiilor.

Nu_invata in continuu mai mult de doua-trei ore; dupa acest timp este bine-venita o pauza pentru

odihna creierului tau.

Nu lasa un exercitiu neterminat pand nu te-ai asigurat ca ai facut tot posibilul pentru al rezolva.

Nu spune niciodata ,, nu stiu” la prima vedere a temei.

Fa tot posibilul _sd nu inveti noaptea. Daca ziua iti vine sa dormi cand inveti, o spalare cu apa rece
pe ochi indeparteaza somnul.

Obignuieste-te sa te trezesti in fiecare zi la ora 7 , chiar sdimbata sau duminica.

Inainte de a invata este foarte important sa fie ordine la biroul la care lucrezi.

Roaga-1 pe unul din pdrinti sé te asculte si sa-ti verifice lectiile.
Invata nu doar din caiet , ci si din _manual. Ceea ce-ti da profesorul in caiet este doar rezumatul lectiei.
Cand citesti, o poti face cu voce tare. Cu cét stimulezi mai multi analizatori, cu atét vei retine mai usor.

Nu lasa niciodata_invdtatul pe ultimul moment.

A

Imparte lectia in mai multe parti. La sfarsitul unei parti fa o recapitulare a acesteia.

Nu lasa nici o zi de scoala si nici o sambata fara sa inveti. Duminica este ziua de odihnd.

Este bine ca atunci cand_recapitulezi sa o faci cu cu creionul in mana. Scriind lectia se va Intipari mai
mult mai bine In minte.

Discuta probleme cu colegii de scoald. Astfel, te vei ajuta pe tine, dar si pe ei. Explicdnd altuia ca tine
vei intelege mult mai bine ce ai invatat.

Nu mdnca prea mult inainte de a invata. Cu burta plind se invata mult mai greu.

Orice problema ai, nu ezita s-o discuti cu parintii. Experienta lor este oricum mai bogata de cat a ta.

Nu te culca pe laurii succesului. Daca ai o nota mai buna la un obiect, nu insemana ca nu trebuie

sd mai inveti.
Redu la minimum timpul in care nu faci nimic folositor.

Gandeste-te tot timpul cat inveti cd fnveti pentru tine $i nu pentru parinti sau profesori. Orice inveti

la scoala este folositor vreodata in viata.

Inlatura din gandirea ta copiatul. Cel pagubit in primul rand esti tu.
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